Abstract-In this paper, the synchronization control problem is considered for two coupled discrete-time complex networks with time delays. The network under investigation is quite general to reflect the reality, where the state delays are allowed to be time varying with given lower and upper bounds, and the stochastic disturbances are assumed to be Brownian motions that affect not only the network coupling but also the overall networks. By utilizing the Lyapunov functional method combined with linear matrix inequality (LMI) techniques, we obtain several sufficient delay-dependent conditions that ensure the coupled networks to be globally exponentially synchronized in the mean square. A control law is designed to synchronize the addressed coupled complex networks in terms of certain LMIs that can be readily solved using the Matlab LMI toolbox. Two numerical examples are presented to show the validity of our theoretical analysis results.
I. INTRODUCTION

C
OMPLEX networks exist in our lives. For example, the brain is a neural network; the global economy is a network of national economies; computer viruses routinely spread through the Internet; food webs, ecosystems, and metabolic pathways can be represented by networks. The complexity of networks in the social, biological, engineering, and physical sciences gives rise to many challenges for scientists and engineers. In order to better understand the dynamical behaviors of different kinds of complex networks, an important and interesting phenomenon to investigate is the synchrony of all dynamical nodes. Synchronization problem have been attracting recurrent research interests for many complex networks that include, but are not limited to, large-scale and complex networks of chaotic oscillators [6] , [12] , [19] , [27] , the coupled systems exhibiting spatiotemporal chaos and autowaves [15] , [26] , and the array of coupled neural networks with or without delays [2] , [8] , [13] , [14] , [23] . For example, the theta rhythm related to the behavior of animals is produced by partial synchronization of neuronal Manuscript received January 8, 2008 ; revised April 5, 2008 . This work was supported by the Royal Society Sino-British Fellowship Trust Award of theactivity in the hippocampal network [22] , and an excessive synchronization of the neuronal activity over a wide area in the brain results in the epileptic rhythm [17] . Moreover, it has recently been revealed that, for message delivery in networks, a good synchronization can help achieve secure communication in terms of stable and high transportation rate.
It has now been well recognized that time delays may cause undesirable dynamic network behaviors such as oscillation and instability [5] , [10] , [16] , [24] . Therefore, synchronization problem for complex networks with time delays has gained increasing research attention. For example, the synchronization criteria have been established in [7] for complex dynamical network models with coupling delays for both continuous and discrete time cases, which have further been improved in [5] by using less conservative delay-dependent techniques. A variational method has been used in [11] to deal with the synchronization problem for an array of linearly coupled identical connected neural networks with delays, whereas the similar problem has been addressed in [23] for an array of coupled nonlinear systems with delay and nonreciprocal timevarying coupling. More recently, by using Lyapunov functional method and Kronecker product technique, the global exponential synchronization has been established in [3] for arrays of coupled identical delayed neural networks with constant and delayed coupling. A notable fact is that most of the existing results have been concerned with the synchronization problem for continuous-time and deterministic complex networks with or without delays.
As pointed out in [18] , it is rather challenging to understand the interaction topology of complex networks because of the discrete and random nature of network topology. On one hand, in a real complex network, the signal transfer could be perturbed randomly from the release of probabilistic causes such as neurotransmitters [20] and packet dropouts [21] . Synchronization control problem for stochastic networks has recently begun to receive initial research attention. For example, in [25] , the synchronization control problem has been considered for stochastic neural networks with time-varying delays, and a novel control method has been given to estimate the controller gain. In [9] , the complete synchronization has been achieved between unidirectionally coupled Chua's circuits within stochastic perturbation. Furthermore, in [4] , by introducing the stochastic coupling term, the complete synchronization problem has been investigated for an array of linearly stochastically coupled neural networks with time delays. It is worth mentioning that the network coupling could occur in both a deterministic and 1083-4419/$25.00 © 2008 IEEE a stochastic way, and the stochastic perturbations could act on both the coupling term and the overall networks. On the other hand, discrete-time networks could be more suitable to model digitally transmitted signals in a dynamical way. Note that discrete-time networks have already been applied in a wide range of areas, such as image processing, time series analysis, quadratic optimization problems, and system identification. Unfortunately, despite its importance in practice, the global synchronization problem for discrete-time networks with both stochastic coupling and stochastic disturbances with or without delays has not been fully investigated yet, which constitutes the main focus of this paper.
In this paper, we are interested in the synchronization control problem for stochastic discrete-time complex networks with time delays, where the stochastic disturbances are assumed to be Brownian motions that affect not only the network coupling but also the overall networks. Our main purpose is to establish some delay-dependent criteria to ensure that the two identical delayed networks with stochastic disturbances are globally exponentially synchronized. Based on the Lyapunov functional method and the stochastic analysis theory, we like to analyze and design appropriate feedback controllers with the hope that the derived synchronization criteria can be expressed in the form of linear matrix inequalities (LMIs). Note that the LMIs can be effectively solved and checked by the algorithms such as the interior-point method [1] .
The rest of this paper is organized as follows. In Section II, some notations are introduced first, and then the coupled network model is presented. In Section III, via the Lyapunov functional method combined with the LMI technique, main results for synchronization are obtained, and the controller design is proposed. Two illustrative examples are given in Section IV to demonstrate the effectiveness of the acquired results. Finally, in Section V, we give the conclusion of this paper.
II. NOTATIONS AND PROBLEM FORMULATION
Throughout this paper, the notation P > 0 means that P is real symmetric and positive definite. · refers to the Euclidean vector norm and the induced matrix norm. λ min (·) and λ max (·) denote the minimum and maximum eigenvalue, respectively. In symmetric block matrices, we use an asterisk " * " to represent a term that is induced by symmetry. Let E{·} be the mathematical expectation operator with respect to the given probability measure P and (Ω, F, P) be a complete probability space with a natural filtration {F t } t≥0 . To facilitate the readers, let us present the complex networks in a step-by-step way. We start with the following master network:
is the state vector of the network; A is a constant matrix; matrices B and C are the connection weight matrix and the delayed connection weight matrix, respectively; τ (k) is a time-varying delay in the state which satisfies
where τ m and τ M are known positive integers representing the lower and upper bounds of the delay;
. Throughout of this paper, the following assumption is always made.
Assumption 1: [10] There exist constants l
As discussed in the introduction, real-world networks are usually coupled, and stochastic disturbances could enter both the network coupling and the overall networks. Therefore, in this paper, an array of linearly coupled identical networks with time-varying delay under study (the slave networks) is proposed as follows (without loss of generality, we only consider the case that two networks are coupled):
where i = 1, 2 and
are independent scalar Wiener process (Brownian Motion) on the probability space (Ω, F, P) satisfying
in which i, j = 1, 2. It is assumed that H :
n is the diffusion coefficient vector and there exist matrices
Furthermore, Γ ∈ R n×n is a constant inner coupling matrix of the nodes, and G = (G ij ) 2×2 is the out-coupling matrix of the network defined as follows. If there is a connection from node j to node
Remark 1: It can be seen that matrix G reflects the topological structure of the networks and it also satisfies the diffusive coupling conditions
Moreover, (5) and (6) infer that when the synchronization is reached, the synchronization state is just a solution of an isolated node model (1).
Remark 2:
It is notable that, in addition to the constant couplings in our model (3), we consider the state-dependent stochastic sequences ω i1 (k) on the overall network and ω i2 (k) on the coupling term. This represents one of the first attempts to deal with both deterministic and stochastic disturbances on the coupling as well as the overall network dynamics. In this sense, the model (3) is more natural and general than the existing ones including that introduced in [4] .
In order to investigate the global synchronization for coupled networks (3), we let e i (k) = x i (k) − s(k) be the synchronization error. Then, the error system follows immediately from (1) and (3) as follows:
where
The coupled network system (3) is said to be globally exponentially synchronized in the mean square if there exist two constants ϑ > 0 and µ ∈ (0, 1) such that
hold for all k ≥ κ, where κ is a sufficiently large positive integer. To obtain our main results, we need the following lemma known as the Schur complement:
, and S(x) depend affinely on x [1] . Then, the following LMI:
holds if and only if one of the following conditions holds:
III. MAIN RESULTS
In this section, by utilizing the Lyapunov functional method combining with the LMI techniques, let us first derive delaydependent stability criterion for the following unforced system of (7):
and then design a controller u i (k) that synchronizes the coupled network (3) with stochastic disturbances. Theorem 1: The unforced system (9) is globally exponentially stable in the mean square if there exist seven positive definite matrices P ,
and a scalar λ > 0 such that the following LMIs hold:
where we have the expressions for Ξ 11 , Ξ 12 , and Ξ 22 , shown at the bottom of the next page, with
Proof: It follows easily from (8) that
which is equivalent to
where δ i is the n-dimensional unit column vector having one element on its ith row and zeros elsewhere. Multiplying both sides of (12) by s 1i and summing up from 1 to n with respect to i, we have
Similarly, we have the following inequalities:
Consider the following Lyapunov functional of system (9):
Calculating the difference of V 1 (k) along the solutions of (9) and taking the mathematical expectation, noting the independent properties of stochastic processes ω i1 (·), ω i2 (·), and (4), we obtain (18), shown at the bottom of the next page. Similarly, we have
Conditions (5) and (10) indicate that
T it follows from (13)- (16) and (18)- (23) that
From the definition (17) of V (k), it is easy to obtain that
any given scalar ε > 1, taking k to be sufficiently large, we have from (24) and (26) that
Substituting (28) into (27) gives
Since p 1 (ε) and p 2 (ε) are continuous functions of ε and p 1 (1) > 0, p 2 (1) < 0, there must exist a scalar µ > 1 such that p 1 (µ) > 0 and p 2 (µ) ≤ 0, which leads to the fact that
From Definition 1, (30) means that the coupled network system (9) is globally exponentially stable in the mean square, and the proof is then completed. Next, we are going to design a controller u i (k) in order to make the coupled system (3) to be synchronized. For simplicity of the implementation, we adopt the following memoryless state-feedback controller:
Substitute (31) into (7) to give the following closed-loop system:
where K ∈ R n×n is a constant gain matrix to be determined.
Theorem 2:
The coupled stochastic disturbed system (3) is globally exponentially synchronized in the mean square via the memoryless state-feedback controller (31) if there exist seven positive definite matrices P , Q 1 , Q 2 , R 1 , R 2 ,R 1 ,R 2 , four positive diagonal matrices S i (i = 1, 2, 3, 4), one arbitrary matrix K, and a scalar λ > 0 such that the following LMIs hold:
where the expressions for Σ 11 , Σ 12 , Σ 22 , Υ 2 , Υ 1 , and Υ 3 are shown at the bottom of the next page. Moreover, the controller gain is given by
From Theorem 1, one knows that system (33) is globally exponentially stable in the mean square if there exist seven matrices P > 0, , 4), and a scalar λ > 0 such that
where Ξ 11 , Ξ 12 , and Ξ 22 are similar as Ξ 11 , Ξ 12 , and Ξ 22 in Theorem 1 with the only difference that A is substituted by A + K.
On the other hand, by Lemma 1, Ξ < 0 is equivalent to
where Σ 11 , Σ 12 , and Σ 22 are the same as Σ 11 , Σ 12 , and Σ 22 by just noting that K = P −1 K T . In the following, one special case is discussed. The proof of the subsequent corollary is similar to that of Theorem 2 and, hence, omitted here. Consider the coupled network system (3) without stochastic terms. In this case, (3) reduces to
and we can obtain the following result:
Corollary 1: The discrete-time coupled system (36) is globally exponentially synchronized via the memoryless statefeedback controller (31) if there exist seven positive definite matrices P , Q 1 , Q 2 , R 1 , R 2 ,R 1 ,R 2 , four positive diagonal matrices S i (i = 1, 2, 3, 4) and one arbitrary matrix K such that the following LMI holds:
where the expressions for ∆ 11 , ∆ 12 , ∆ 22 , Θ 2 , Θ 1 , and Θ 3 are shown at the bottom of page 1080. Moreover, the controller gain
In our main results, the synchronization control problem is considered for two coupled discrete-time complex networks with time-delays, and the control law is designed to synchronize the addressed coupled complex networks in terms of certain LMIs that can be readily solved using Matlab LMI toolbox. It should be pointed out that the variables of the LMIs are essentially the parameters of the addressed complex networks. Therefore, once an adequate complex network is established, and the corresponding parameters are identified, we can analyze the exponential synchronization control problem of the complex network by simply checking the feasibility of the LMIs. Note that the verification of the solvability of LMIs can be conveniently done by utilizing the numerically efficient Matlab LMI toolbox, and no turning of parameters will be needed [1] . In the past decade, LMIs have gained much attention for their computational tractability and usefulness in system engineering (see, e.g., [1] ) as the so-called interior point method has been proved to be numerically very efficient for solving the LMIs. The number of analysis and design problems that can be formulated as LMI problems is large and continues to grow.
IV. TWO NUMERICAL EXAMPLES
In this section, two simple examples are presented to justify Theorem 2 acquired in the previous section. 
Now, let two identical networks in (1) be coupled and disturbed with the following parameters: Let a = 0 and τ M vary from the value 3. By using the Matlab LMI Control Toolbox, a feasible solution to the LMIs in (33) can always be found when τ M ∈ N [3, 5] . For example, taking τ M = 4, the corresponding solution is listed as follows: 
Moreover, the controller gain matrix is obtained by 
From Theorem 2, we know that the two coupled subsystems with stochastic disturbances and different initial conditions are globally exponentially synchronized with the given control law. Now, to show that the value of the parameter "a" does influence the synchronous motion, we let τ M ≡ 4, and the parameter "a" vary from −0. 1 From Corollary 1, we know that the two coupled subsystems without stochastic disturbances and with different initial conditions are globally exponentially synchronized with the given control law.
V. CONCLUSION
In this paper, the synchronization problem has been analyzed for two identical coupled discrete-time complex networks with time-varying delay. In the complex system, both the overall networks and the network couplings are subject to stochastic disturbances. First, an easy-to-verify condition has been established under which the synchronization error dynamics is globally exponentially stable in the mean square. Second, a controller is designed to guarantee the coupled system to be synchronized by using a combination of LMI approach and the stochastic analysis tools. The LMI-based conditions obtained in this paper are dependent not only on the lower bound but also on the upper bound of the time-varying delay, which can be solved efficiently via the Matlab LMI Toolbox. Two numerical examples have been presented to show the validity of our theoretical analysis results.
